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ABSTRACT 

In this paper, we define and study weak monoidal Hom-Hopf algebras, which gen¬ 
eralize both weak Hopf algebras and monoidal Hom-Hopf algebras. If H is a weak 
monoidal Hom-Hopf algebra with bijective antipode and let Aut wm HH(H ) be the 
set of all automorphisms of H. Then we introduce a category HWAAli.yV H (a, /3) 
with cr, /3 € Aut wm HH(H) and construct a braided T-category WM.'H.yV^H) that 
having all the categories Ai1-iyV H {a, j3) as components. 
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Introduction 


Hom-algebras first appeared in [4] , where the associativity was replaced by the Hom- 
associativity and similar to the Hom-coassociativity (see in [3 E]). Based on these prop¬ 
erties, definitions of Hom-bialgebras, Hom-Hopf algebras and further developments existed 
later in (Tj, [2j- 0, [!!]■ 0- lL3j and [16]. In [13], the authors illustrated Hom-structures from 
the point of view of monoidal categories and introduced monoidal Hom-algebras, monoidal 
Hom-coalgebras, etc., in a symmetric monoidal category, which were different from the Hom- 
algebras and Hom-coalgebras. 

Weak Hom-Hopf algebra was introduced in m ■ The axioms were the same as the ones 
for a Hom-Hopf algebra, except that the coproduct of the unit, the product of counit and 
the antipode condition were replaced by the weaker properties. 

Turaev in mm generalized quantum invariants if 3-manifolds to the case of a 3-manifold 
M endowed with a homotopy class of maps M —> K(G, 1), where G is a group. And braided 
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T-categories which are braided monoidal categories in Freyd-Yetter categories of crossed G- 
sets(see in pdj) play a key role of constructing these homotopy invariants. 

Then one main question naturally arises. How to construct classes of new braided T- 
categories? 

The main propose of this paper is to generalize the notion of monoidal Hom-Hopf alge¬ 
bras to weak cases. We first define the notion of weak monoidal Hom-bigebras and weak 
momoidal Hom-Hopf algebras. And we give examples to show its not a trivial generalization 
of monoidal Hom-Hopf algebras. We also investigate the relationship between weak monoidal 
Hom-Hopf algebras and weak Hom-Hopf algebras. After that, we construct new examples of 
braided T-categories, which generalize the construction given by Panaite and Staic (see in 

P2I)- 


The article is organized as follows. 

In Section 1, we recall definitions and basic results related to monoidal Hom-Hopf algebras 
and braided T-categories. In Section 2, we apply the construction given by Stef and Isar m 
to the category of vector spaces, then we give definitions of weak monoidal Hom-bialgebras 
and some axioms which will be used in Section 3 and Section 4. We also define the weak 
monoidal Hom-Hopf algebras and give some properties of its antipode. 

In Section 3, we introduce a class of new categories M3iyV H {a, f3) (see Definition 3.1) 
of weak (a, /3)-Yetter-Drinfeld modules associated with a, (3 £ Aut wm HH{H). Furthermore, 
we prove that the category jjW'JV['K yV H (a, f3) is actually a weak monoidal entwined Hom- 
rnodule category hM . h /?)). Then in Section 4, we prove HWM'HyT> H is a monoidal 
cateogory and then construct a class of new braided T-categories in the sense 

of Turaev[l4j. 


1. Preliminaries 


Throughout, let k be a fixed field. Everything is over k unless otherwise specified. We 
refer the readers to the books of Sweedler [9] for the relevant concepts on the general theory 
of Hopf algebras. Let (C, A) be a coalgebra. We use the Sweedler-Heyneman’s notation for 
A as follows: 


a(c)=® c 2 , 


for all c € C. 

1.1. Monoidal Hom-Hopf algebras. 

Let Affc = (A 4k,®,k,a,l,r) denote the usual monoidal category of fe-vector spaces 
and linear maps between them. Recall from m that there is the monoidal Hom-category 
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7~L(M.k) = ('H(A'ffc), (g, (k, id), a, l, r ), a new monoidal category, associated with Mk as 
follows: 

• The objects of 'H(Aik) are couples (M, /z), where M £ M.k and [i £ Autk(M), the set 
of all fc-linear automomorphisms of M; 

• The morphism / : (M, fi) —»• (N,v) in 7i(A4k) is the /e-linear map / : M —> N in .A/f^ 
satisfying zz o / = / o //, for any two objects (M, /z), (IV, z/) G 'H(M.k)', 

• The tensor product is given by 

(M, /r) <g) (iV, z^) = (M (g 

for any (M, /z), (iV, z/) G H{Mk)- 

• The tensor unit is given by ( k,id ); 

• The associativity constraint a is given by the formula 

a M ,N,L = a M,N,L ° (0 ® id) < 8 ) ? _1 ) = {n® (id <g ? -1 )) o a M ,N,Li 

for any objects (M, //), (iV, z/), (L, <j) G TLjAdk); 

• The left and right unit constraint l and r are given by 

Im = H°Im = Im ° (id® n), tm = [i°rM = ° (n® id) 

for all (M,n) G H(Mk)- 

We now recall from m the following notions used later. 

A unital monoidal Horn-associative algebra (a monoidal Hom-algebra in Proposition 2.1 
of [T3j) is a vector space A together with an element 1a G A and linear maps 

m \ A® A —> A; a ®b >-)■ ab, a £ Autk(A) 


such that 


a(a)(bc) = ( ab)a(c ), 

(1. 1) 

a(ab) = a(a)a(b), 


alA = 1.40 = ce(a), 

(1. 2) 

a(l A ) = 1 a, 

(1. 3) 


for all a,b,c £ A. 

Remark. (1) In the language of Hopf algebras, m is called the Horn-multiplication, a 
is the twisting automorphism and 1 a is the unit. Note that Eq.(l.l) can be rewirtten as 
a(6a -1 (c)) = (a~ 1 (a)b)c. The monoidal Hom-algebra A with a will be denoted by (A, a). 

(2) Let (A, a) and (A', a') be two monoidal Hom-algebras. A monoidal Hom-algebra 
map / : (A, a) —> (A',a') is a linear map such that / o a = a' o f,f(ab) = f(a)f(b) and 

f(l A ) = l A '. 

(3) The definition of monoidal Hom-algebras is different from the unital Horn-associative 
algebras in |3] and [5] in the following sense. The same twisted associativity condition (1.1) 
holds in both cases. However, the unitality condition in their notion is the usual untwisted 
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one: oIa = 1 ao = a, for any a € A, and the twisting map a does not need to be monoidal 
(that is, (1.2) and (1.3) are not required). 

A counital monoidal Hom-coassociative coalgebra is an object (C, 7 ) in the category 
'H(M.k) together with linear maps A : C —>• C <g> C, A(c) = c\ <S> C 2 and e : C —> k such 
that 

7 _ 1 ( c i) ® A(c 2 ) = A(ci) ® 7 _ 1 (c 2 ), (1. 4) 

A( 7 (c)) = 7 ( 01 ) ® 7 (c 2 ), (1.5) 

cie(c 2 ) = 7 _ 1 (c) = e(ci)c 2 , 

e ( 7 ( c )) = e( c ) (1. 6) 

for all ceC. 

Remark. (1) Note that (1.4)is equivalent to ci <8> c 2 i (8> 7 (c 22 ) = 7 (cn) <8> ci 2 <g> c 2 . 
Analogue to monoidal Hom-algebras, monoidal Hom-coalgebras will be short for counital 
monoidal Hom-coassociative coalgebras without any confusion. 

(2) Let (C, 7 ) and (C', 7 ') be two monoidal Hom-coalgebras. A monoidal Hom-coalgebra 
map / : (C, 7 ) —> (C', 7 ') is a linear map such that / 07 = 7 'of, Aof = (/®/)oA and s'of = e. 

A monoidal Hom-bialgebra H = ( H , a, m, 1 h , A, e) is a bialgebra in the monoidal category 
This means that (H,a,m,lH) is a monoidal Horn-algebra and (H,a, A,e) is a 
monoidal Hom-coalgebra such that A and e are morphisms of algebras, that is, for all h,g € H, 

A(hg) = A(h)A(g), A(1 H ) = 1 H ®1 H , e(hg) = e(h)e(g), e(l H ) = 1- 


A monoidal Hom-bialgebra (iL, a) is called a monoidal Hom-Hopf algebra if there exists 
a morphism (called antipode) S : H —> H in T-L{Mk) (i.e., S o a = a o S ), which is the 
convolution inverse of the identity morphism idu (i.e., S * id = 1 h 0 £ = id * S). Explicitly, 
for all h S H, 

S(/ii)/i 2 = <h)l H = /h5(/i 2 ). 


Remark. (1) Note that a monoidal Hom-Hopf algebra is by definition a Hopf algebra in 
H(M k ). 

(2) Furthermore, the antipode of monoidal Hom-Hopf algebras has almost all the prop¬ 
erties of antipode of Hopf algebras such as 

S(hg) = S(g)S(h), S(1 h ) = 1h, A (S(h)) = S{h 2 ) ® S(h), eo S = e. 

That is, S' is a monoidal Hom-anti-(co)algebra homomorphism. Since a is bijective and com¬ 
mutes with S, we can also have that the inverse a -1 commutes with S, that is, S o a -1 = 
a -1 o S. 
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In the following, we recall the notions of actions on monoidal Hom-algebras and coactions 
on monoidal Hom-coalgebras. 

Let (A, a) be a monoidal Hom-algebra. A left (A, a)-Hom-module consists of an object 
(M, p) in TL(Aik) together with a morphism if \ A® M —> M, if (a < 8 > m) = a ■ m such that 

a(a ) • (b • m) = ( ab) ■ p(m), p(a ■ m) = a(a) ■ p(m), 1 a ■ m = p(m), 
for all a,b € A and m G M. 

Monoidal Hom-algebra (A, a) can be considered as a Hom-module on itself by the Hom- 
multiplication. Let (M, p) and (N, u) be two left (A, a)-Hom-modules. A morphism / : M —> 

N is called left (A, a)-linear if f(a ■ m) = a ■ f(m), f o p = u o f. We denoted the category of 

left (A, a)-Hom modules by H(A-Mk)- 

Similarly, let (C, 7 ) be a monoidal Hom-coalgebra. A right (C, 7 )- Horn-comodule is an 
object (M, p) in 'H(M.k) together with a /c-linear map pm ■ M —>■ M<S>C, pm(ib ,) = 
such that 

M _1 (™(o)) ® A c (m ( i)) = (m (0 )(o) ® "i(o)(i)) ® 7 _1 (™(i)), (1- 7) 

p M {p{m)) = p(m {0) ) <g> 7 (m ( i)), m (0 )e(m ( i)) = (1. 8) 

for all 777 G M. 

(C , 7 ) is a Hom-comodule on itself via the Hom-comultiplication. Let (M, /r) and (AT, v) 
be two right (C, 7 )-Hom-comodules. A morphism g : M —> N is called right (C, 7 )-colinear 
if g o p = v o g and <7(777( 0 )) <8 m{i) = #( m )(0) <8 s(tti)(i)- The category of right (C, yj-Hom- 
comodules is denoted by / H{M C ) . 

Let ( H , a) be a monoidal Hom-bialgebra. We now recall from [Tj] that a monoidal Hom- 
algebra (B,/ 3 ) is called a left H-Hom-module algebra , if (B,f 3 ) is a left iL-Hom-module with 
action • obeying the following axioms: 

h ■ (ab) = (h\ ■ a)(h2 ■ b), h ■ 1 b = e(/i)l_e, ( 1 . 9 ) 


for all a, 6 £ B,h € H. 

Recall from [8] that a monoidal Hom-algebra ( B,f5 ) is called a left H-Hom-comodule 
algebra , if ( B , /?) is a left iL-Hom-comodule with coaction p obeying the following axioms: 

p(ab) = «(_!)&(_!) (8) O(o) 6 ( 0 ), Pi(^b) = 1b <8 1b, 
for all a, 6 G B,h € H. 

Let (H,m, A, a) be a monoidal Hom-bialgebra. Recall from ((HUE!) that a left-right 
Yetter-Drinfeld Hom-module over (H,a) is the object (M,-,p,p) which is both in 'H(h-M) 
and 'H(Ai^) obeying the compatibility condition: 

hi • m(o) <8 62777(1) = (a(h 2 ) ■ 777 )( 0 ) <8 a^ 1 (a(h 2 ) • 777)( 1 ))/7 1 . (1. 10) 
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Remark. (1) The category of all left-right Yetter-Drinfeld Horn-modules is denoted by 
with understanding morphism. 

(2) If ( H , a) is a monoidal Hom-Hopf algebra with a bijective antipode S, then the above 
equality is equivalent to 

p(h ■ m) = a(h 2 i) • m(o) 0 (/i 2 2a _1 (m(i)))5 _1 (hi), 
for all h £ H and m £ M. 


1.2. Braided T-categories. 

A monoidal category C = (C, 1,0, a, Z, r) is a category C endowed with a functor 0 : 
C x C —7 C (the tensor product ), an object I £ C (the tensor unit), and natural isomorphisms 
a (the associativity constraint ), where auyw '■ ( U 0C)0IF —> U®(V 0W) for all U,V,W £ C, 
and l (the left unit constraint) where Ijj : I 0 U —7 U, r (the right unit constraint) where 
rjj : U 0 C —> U for all U £ C, such that for all U,V,W,X £ C, the associativity pentagon 
auyw®x°au®v,w,x = ( U®av,w,x)°auy®w,x°(auy,w®X) and (U 0Zy)o(r t/ 0F) = ajj,iy 
are satisfied. A monoidal categoey C is strict when all the constraints are identities. 

Let G be a group and let Aut(C) be the group of invertible strict tensor functors from C 
to itself. A category C over G is called a crossed category if it satisfies the following: 

• C is a monoidal category; 

• C is disjoint union of a family of subcategories {C a } a& c^ and for any U £ C a , V £ Cg, 
U 0 V £ Cap. The subcategory C a is called the ath component of C; 

• Consider a group homomorphism ip : G —> Aut(C), j3 t-7 (pp, and assume that ipp(ip a ) = 
'•Ppap- 1 ‘ f° r all u,(3 £ G. The functors pp are called conjugation isomorphisms. 

Furthermore, C is called strict when it is strict as a monoidal category. 

Left index notation: Given a £ G and an object V £ C a , the functor cp a will be_de- 
noted by v (-) t as in Turaev m or Zunino cni, or even “(■). We use the notation v (•) 

for “ (•). Then we have v idjj = id v u and v (g o /) = v g o ' /. Since the conjugation 

p : G —> Aut(C) is a group homomorphism, for all V,W £ C, we have v ® w (■) = v ( w (•)) 

and E (-) = ' ( y (-)) = V ( V {')) = idc- Since, for all V £ C, the functor ' (•) is strict, we have 

' (/ g) = ' / 0 ' g, for any morphisms / and g in C , and ' I = I. 

A braiding of a crossed category C is a family of isomorphisms (c = cuy)u,v G C, where 
cjj.v : U 0 V —> U V 0 U satisfying the following conditions: 

(i) For any arrow / £ C a (U, U') and g £ C(V, V'), 

(Cd) ® f)° cjjy = cjj'v o (/ 0 g). 

(ii) For all U,V,W £ C, we have 

cu®v,w = au®v WU y o (c Ut v w 0 idy) ° °yy W y ° ( L u ® cy,w) ° a-uyw, 
cu,v®w = a uyu wu ° ( i (ay) 0 cu,w) ° au VtUW o (cuy 0 tw) ° a uyw > 
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where a is the natural isomorphisms in the tensor category C. 

(iii) For all U,V £ C and f3 £ G, 

Vp( c u,v) = (V)- 

A crossed category endowed with a braiding is called a braided T-category. 


2. Weak monoidal Hom-bialgebras and examples 


Let A; be a commutative ring. The results of Hom-construction by Stef and Isar[13] can 
be applied to the category of A:- modules (vector spaces if A; is a field) C = Aik- 
In this section we will introduce the notion of a weak monoidal Hom-bialgebra. 

Definition 2.1. H = (AA, £, m, 1 h , A, e) is called a weak monoidal Hom-bialgebra if 
(AA, £) is both a monoidal Hom-algebra and a monoidal Hom-coalgebra, satisfying the follow¬ 
ing identities for any a,b,c £ H: 

(1) A (ab) = A(a)A(6); 

(2) e((a6)c) = e(abi)e(b 2 c), e(a(bc)) = £(a& 2 )e(fric); 

(3) (A <g> idf/)A(l#) = li <8> I 2 I 1 ® 1-2) (id-H <8) A)A(1#) = li <8) 1 ^I 2 ® 1 2 - 

Definition 2.2. If (AA, £) and ( H are two weak monoidal Hom-bialgebras, a linear 
map / : H —>• H' is called a morphism of weak monoidal Hom-bialgebras if / is both a 
morphism of monoidal Horn-algebras and a morphism of monoidal Hom-coalgebras. 

Let LA be a weak monoidal Hom-bialgebra. Define linear maps e s and e* by the formulas 

£ s (h) = £ 2 (li)e(£ _2 (/i)l 2 ), £ t (h) = e(li^ 2 (/i))^ 2 (l 2 ), 

for any h £ H, where £t, £ s are called the target and source counital maps. We adopt the 
notations Ht = £j(AA) and H s = £ S (AA) for their images. 

Similarly, we define the linear maps Sg and it by the formulas 

e a (h) = ? 2 (li)e(l2 C 2 (h)), £ t (h) = e(^ _2 (/i)li)^ 2 (l 2 ), 

for any h £ H. Their images are denoted by Ht = £t(H) and H s = e^(AA). And then we 
obtain the following identities 

A(liz) € H s ® H t , A(1 h) £ H s ® H t , 

and 

li <8> I 2 = £(li) <8> ^(b)) £(A-i) <S> £,(h 2 ) = l\h\ (8> I 2 A 12 = h\l\ <8> /i 2 l 2 . 
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Proposition 2.3. Let H be a weak monoidal Hom-bialgebra. Then for any h £ H, we 
have 

(i) £ s (hi) <g> h 2 = £ 3 (1i) ® £ _2 (h)l 2 ; (2.1) 

(ii) ^(hi) <g> h 2 = £(li) <g> l 2 £ _2 (h). (2.2) 

Proof, (i). From the definition of e s , we immediately get that 
£ s {hi) ® h 2 = £ 2 (li)e(£” 2 (/ii)l 2 ) ® h 2 

= e 2 (ii)®r 2 (^Miii2)i , 2 
= e 2 (ii)®r 2 wr 1 (i 2 ) 

= e 3 (ii)®r 2 wi 2 . 

The proof of (ii) is similar to (i). ■ 

Theorem 2.4. Let H be a weak Hom-bialgebra. Then for any a, b, c € iL, we have the 
following identities 

(i) A(1 1 )®1 2 = 1 1 ®A(1 2 ); (2.3) 

(ii) e((ab)c) = e(a(bc)). (2. 4) 

Proof. From the Proposition 2.3 above, we know that e s (li) ® 1 2 = £ 3 (li) ® £( 12 ), another 
side, 

e s (ir) ® i 2 = e 2 (i / iMiii , 2 ) ® e 2 (i 2 ) 

= £ 2 (ll)®£(l 2 ) 

then we can get 

li®l2 = f(li)®l 2 - (2-5) 

Similarly, we can get £,(1 i)®1 2 = £(1i)®£( 1 2 ) from (2.2) and e^(li)® 1 2 = £(1 i)®£ 2 (1 2 ) 
by a direct computation, which means 

1i®1 2 = 1i®£(1 2 ). (2.6) 

(i) . We compute as follows: 

A(li) ® 1 2 ( = 6) A(li) ® £ _1 (1 2 ) =C _1 (li)® A(l 2 ) ( = ) li ® A(l 2 ). 

(ii) . Since 

e(^(a)6) = £(ali)e(l 2 6) = £(ali))e(£(l 2 )£(6)) ( = ) e(ali)e(l 2 ^(6)) = e(£(a)£(6)) = e(ab), 
we get 

e(^(a)6) = e(ab), (2. 7) 
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and similarly, we can get 


e(a£( 6 )) = e(ab). 

Thus we have 

e(a(bc)) < = > e(^(a)(bc)) = e((ab)£(c)) ^ = * e((ab)c). 


( 2 . 8 ) 


So from now on, we can denote (A ® id#)A(l#) by li < 8 > I 2 < 8 > I 3 , and e((ab)c) by e(abc). 


From (2.5) and (2.6), we can rewrite the definitions of e s , e*, and e) by the following 
formulas: 


£ s (^t) = lie(/il 2 ) e*(/i) = e(li/i)l 2 , (2.9) 

= lie(l 2 /i) e)(/i) = e(/ili)l 2 (2-10) 


Corollary 2.5. Let H be a weak monoidal Hom-bialgebra. Then for any a, b, c € H, we 
have 

(i) e s (ab ) = £ s (£(a)6) = £ s «(&)), £t(a&) = £t(£(a)h) = £t(a£(6)); (2. 11) 

£*(a&) = £' s (£(a)b) = e s (a£(b)), e t {ab) = e t (£,{a)b) = £ t (a£(b)); (2. 12) 

(ii) £s o E s = £ s o £ = £ o E s = E s , £ t o£ t = £ t o£ = £o £ t = £f, ( 2 . 13 ) 

(in) € ° £ s = £ s o i = £ o £ s = t s , £ t o £ t = e t o £ = £ o £ t = £ t . ( 2 . 14 ) 

Proof. Using equations (2.5) to (2.10), left to readers. 

Proposition 2.6. Let H be a weak monoidal Hom-bialgebra. Then for any x,y,h £ H, 


we have 

(i) £(xy) = £(£ s (x)y) = £(x£ t {y))- (2-15) 

£(xy) = £(£ t (x)y) = £{xe s (y))\ (2. 16) 

(ii) xi ® £*(s 2 ) = 1i<T 2 (x) <8) 1 2 , £ s (xi) ® x 2 = li <8> £~ 2 (x)l 2 ; (2.17) 

£^(xi) < 8 > x 2 = U ® l 2 £ -2 (:r), x\ <g> £ t (x 2 ) = £~ 2 (z)li <S> 1 2 ; (2-18) 

(hi) xi£(hx 2 ) = £ s (h)C 2 (x), £(xih)x 2 = C 2 {x)E t {h)\ (2-19) 

£(hxi)x 2 = £t(/i)£ _2 (x), xi£{x 2 h) = C 2 {.x)£ s (h)] (2.20) 

(iv) £ s {x)£ t (y) = £ t (y)£ s (x), e s {x)£ t {y) = £ t {y)£ s {x). (2-21) 


Proof. We just check some of them and the others are left to readers. 

(i) - 

£(£ s (x)y) ( = 9) £(liy)£(xl 2 ) = e{x£{y)) ( = 8) £{xy). 

(ii) . Similar to Proposition 2.3. 

(iii) . 

x\£{hx 2 ) < ‘= ,) x\£(h£ t (x 2 )) = liC 2 {x)E{hl 2 ) = E s {h)C~ 2 (x). 
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(iv). 


(2 19) 

£s{x)e t {y) = li£ t (y)£(xl 2 ) = e(li2/)l 2 e(a;l3) = £t(y)^s{x) 


Proposition 2.7. Let H be a weak monoidal Hom-bialgebra. Then for any h £ H, we 
have 


A (e t (h)) = h£ t (h) 0 1 2 = £ t (h) li 0 1 2 ; (2. 22) 

A (e s (h)) = li 0 1 2£ s (h) = li 0 £ s (h) 1 2 ; (2. 23) 

A (t s (h)) = ll 0 £~ s {h)l 2 = li 0 12^0); ( 2 - 24 ) 

A (£ t {h)) = li£ t {h) 0 1 2 = £t(/i)li 0 1 2 - ( 2 - 25) 

Proof. We only check Eq.(2.22). Indeed, 


A (£ t (h)) = £(lih)l 2 0 I 3 (2 = 9) liet(^) 0 1 2 ( “= X) £ t (h )li 0 1 2 . 

The other three identities can be proved by similar calculations. ■ 

Proposition 2.8. Let H be a weak monoidal Hom-bialgebra. Then for any x,y £ H, we 
have 


(i) 

£ t (x£ t (y)) = 

£t(xy), 

£ t (£t(x)y) = £ t (x)£ t (y)-, 


(2- 

26) 


£ s (x£ s (y)) = 

£ s (x)£ s 

(v)> 

£ s (£ s (x)y) = £ s (xy); 


(2. 

27) 

00 

£t(x£ t (y)) = 

£t{x)st 

[y), 

£ t (£ t (x)y) = £ t (xy); 


(2- 

28) 


£ s {x£ s (y)) = 

£s{xy) 

£ s 

(£ s (x)y) = £ s (x)£s(y)-, 


(2- 

29) 

(hi) 

£t(x£ s (y )) = 

£t(xy), 

£t 

[£t(x)y ) = E t {x)£ t (y)\ 


(2- 

30) 


£ s (x£ s (y)) = 

£ s (x)£ s 

(y), 

£s{ei(x)y) = £ s {xy)\ 


(2. 

31) 

(iv) 

£ t (x£ t (y )) = 

St{x)£ t 

(y), 

£t(£ s (x)y) = e t (xy ); 


(2- 

32) 


£ s (x£ t (y)) = 

£s(xy), 

€ 

(£ s (x)y) = £ s (x)£ s (y)\ 


(2- 

33) 

(v) 

£t(x 1) ®S2 

= St( ll 

0 

l 2 C 2 {x), x\ 0 £ s (x 2 ) 

= £ 2 (x)li 0 £ s (1 2 ); 

(2- 

34) 


Xi 0 £ s (x 2 ) 

= ur 2 

(x) 

0e^(l 2 ), £t(xi) 0 x 2 = 

= ei(li) 0 £ -2 (x)1 2 . 

(2- 

35) 


Proof. Straightforward. 


Remark. For any weak monoidal Hom-bialgebra (fL, £), if £ = idn, then H is exactly 
a weak bialgebra. If A and e are all monoidal Hom-algebra morphisms, then H is exactly a 
monoidal Hom-bialgebra. 


Hereby we give examples of weak monoidal Hom-bialgebras. 

Example 2.9. If (H, £, m, y, A, e) is a finite dimensional weak monoidal Hom-bialgebra 
and H* is the linear dual of H. Then (H*, £*, m*, rj*, A*, e*) is also a finite dimensional weak 
monoidal Hom-bialgebra, where 

f(/) = /°r\ 
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for any / G H*. 


Example 2.10. (10-dinrensional weak monoidal Hom-bialgebra) Let H be a vector space 
over k with basis {xi}, where i = 1,2, ■ • • 10 and let 0 ^ A £ k, we give the structure of H as 
follows: 

• the multiplication 


H 

xi 

X2 

X3 

X4 

X5 

X6 

XY 

x 8 

xg 

xio 

Xi 

X\ 

X2 

X3 

Ax4 

Ax 5 

x 6 

x 7 

xs 

Axg 

Axi 0 

X2 

X2 

X2 

X3 

Ax4 

Ax 5 

x 7 

x 7 

X8 

Axg 

Axi 0 

X 3 

X 3 

X3 

X2 

-Ax 5 

— AX4 

x 8 

x 8 

xy 

o 

1 

-Axg 

X 4 

Ax4 

Ax4 

Ax 5 

0 

0 

Axg 

Axg 

Axio 

0 

0 

X 5 

Ax 5 

Ax 5 

Ax4 

0 

0 

Axio 

Axio 

Axg 

0 

0 

X 6 

x 6 

X 7 

x 8 

Axg 

Axio 

x 6 

x y 

X 8 

Axg 

Axio 

xy 

Xy 

X 7 

x 8 

Axg 

Axio 

x 7 

x 7 

X 8 

Axg 

Axio 

x 8 

x 8 

x 8 

x 7 

o 

-< 

1 

Axg 

x 8 

x 8 

xy 

o 

1 

Axg 

xg 

Axg 

Axg 

Axio 

0 

0 

Axg 

Axg 

Axio 

0 

0 

X\Q 

Ax 10 

Ax 10 

Axg 

0 

0 

Ax 10 

Ax 10 

Axg 

0 

0 


• the comultiplication 

A(xi) = x\ 8 x\ — x\ 8 xq — xe 8 x\ + 2x6 8 X6 — xi 8 X 2 + x\ 8 x 7 + X6 8 X 2 

— 2 X 6 8 X 7 — 8 X \ + X2 8 XQ + X7 ( 8 ) Xi — 2X7 8 + 2X2 8 X2 — 2X2 8X7 — 2X7 8 X2 + 4X7 8 Xy , 

A(x 2) = X2 ® X2 — X2 ® X7 — X7 (8) X2 + 2x7 8 X7, 

A(x 3 ) = x 3 8 x 3 — x 3 8 x 8 - x 8 8 x 3 + 2x 8 8 x 8 , 

A(x 4) = ^(x 3 8x4 — X 3 8xg — X 8 8X4 + 2 x 8 8x9+ X 4 8X2 — X48X7 — Xg 8X2+ 2 xg 8x7), 
A(x 5 ) = ^ (x 2 8X5 - x 2 8x10 - X78X5 + 2x 7 8x10+ X 5 8 x 3 - x 5 8 x 8 — xio 8 x 8 + 2 xio 8 x 8 ), 
A(x6) = X6 8 X6 — X6 8 X 7 — X 7 8 X6 + 2 X 7 8 X 7 
A(x7) = X7 8 X7, 

A(x 8 ) = x 8 8 x 8 , 

A(xg) = 4(x 8 8 Xg + Xg 8 X 7 ), 

A(xi 0 ) = \{xy 8 Xio + Xio 8 x 8 ); 

• the counit 

e(xi) = 4, e(x 6 ) = 2, e(x 2 ) = e(x 3 ) = 2, e(x 7 ) = e(x 8 ) = 1, 
e(x 4 ) = e(x 5 ) = e(x 9 ) = e(x 10 ) = 0; 

Then we define a map £ : H —>• H. Then it is an isomorphism of weak monoidal Hom- 
bialgebra if its matrix of the basis {xj|z = 1, 2, • • • 10} takes the form 

/1000000000\ 
0100000000 
0010000000 
000A000000 


A = 


0000A00000 

0000010000 

0000001000 

0010000100 

00000000A0 

Voooooooooa/ 
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Then it is a direct computation to check that ( H , £) is a weak monoidal Hom-bialgebra. 


Definition 2.11. A weak monoidal Hom-bialgebra (17, £) is called a weak monoidal 
Hom-Hopf algebra if H endowed with a fc-linear map S (the antipode), such that for any 
h,g £ H, the following conditions hold: 

(1) Soti = ZoS- 

(2) h l S{h 2 )=e t {h), S(h 1 )h 2 = e,(hy, 

(3) S(hg) = S(g)S(h), S(1 H ) = 1 H] 

(4) A(S(h)) = S(h 2 )®S(hi), eo S = e. 

Proposition 2.12. H is a weak monoidal Hom-Hopf algebra, then for any h £ H, the 
following equalities hold: 


(i) £ s (h 1 )S(h 2 ) = C 1 (S(h)), S(h 1 )£ t (h, 2 )=r 1 (S(h)y, (2.36) 

(ii) e t (h) = S(s s (h)), e s (h) = S(e t (h))-, (2. 37) 

(iii) e t {h\) 0 h 2 = S(li) <8> l 2 ^~ 2 3 (h), hi 0 e s (h 2 ) = i~ 2 {h )li 0 5'(1 2 ). (2. 38) 


Proof. We only check the first identities of each one. 

(i) - 

Ss{hi)S(h 2 ) = lie(k 1 l / 1 l 2 )S , (^ - 1 (/i 2 )l 2 ) 

= hS{c 2 (h)h) = c 2 (s(h)) 1 = r\s(h)y, 

(ii) 

£t{h) = £(li£ t (h))l 2 (2 = 1} £{£ t {h)li)l 2 

( = 5) £(e s (hi)S(h 2 ) li)l 2 = e(S(h)h)l 2 
= £(S(h)S(l 2 ))S(h) = S(h)£(l 2 h) = S(£ s (h)y 


(iii) Easy to get from (ii). 


Note that, a monoidal Hom-bialgebra is Hom-bialgebra if and only if the Hom-structure 
map £ satisfies £o£ = id. Moreover, through a direct computation, we can get that there is a 
one to one correspondence between the collection the monoidal Hom-bialgebras over a com¬ 
mutative ring k, and the collection of the unital Hom-bialgebra over k which Hom-structure 
map is a bijection. 

Recall from m, a weak Hom-bialgebra is a Hom-algebra and a Hom-coalgebra with the 
compatible conditions as follows: 


(1) A (aft) = A(a)A(6); 

(2) e((a6)c) = e(a6i)e(6 2 c), e(a(6c)) = e(a6 2 )e(6ic); 

(3) (A 0 id#)A(l#) = li 0 1 2 1( 0 1 2 , (idn 0 A)A(1#) = li 0 1 / 1 1 2 0 1 2 . 
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More precisely, we can obtain the following relationship between the collection of weak 
monoidal Hom-Hopf algebras and weak Hom-Hopf algebras. 

Proposition 2.13. If (H, £, m, 1#, A, e, S) is a weak monoidal Hom-Hopf algebra, then 
^H = (H, £, m, Is, A o £ 2 ,e,S) is a weak Hom-Hopf algebra. Conversely, if (B, £s, m, 
Is, A, e, S') is a weak Hom-Hopf algebra and £b is invertible, then g B = (H,£s,m, Is, A o 
^ 2 ,e,S) is a weak monoidal Hom-Hopf algebra. 

Proof. Firstly we denote A o £ 2 (/i) by hm (g hy 2 ]. Then we have 

£(fyl]) ® /t[ 2 ][l] ® /l[2][2] = £(tyi]) ® £ 2 (^[2 ]i) ® C 2 (^[2]2) 

= C 3 (^l) ®£ 4 (>2l) <8>C 4 (^22) 

= ^ 4 (/ill)Oe 4 (/H2)8)^ 3 (/i2) 

= tyl][l] ®tyl][2] ®£(ty 2 ])> 

and 

e(tyi])ty 2 ] = e{hi)£, 2 {h 2 ) 

= m 

= h {1] e{h [2] ), 

which implies (^H, £) is a Hom-coalgebra. Obviously is a Horn-algebra. 

Secondly, we have 

e{(xy)z) = e(xy 1 )e(y 2 z) = e(xy m )e(y[ 2 ]z), 

and the other conditions are easily to get. The proof of the opposite statement is left to 
readers. 


Proposition 2.14. We find that m, Proposition 2.9) should be like: 

For any given weak bialgebra (H, y, Is, A, e), suppose that a : H —> H is both a morphism 
of algebras preserving unit and a morphism of coalgebras preserving counit. Thus we can 
define a new multiplication ~jl := a o //, and a new comultiplication A := Aoa, then H° = 
(H, a,J2, 77 , A, e) is a weak Hom-bialgebra if and only if a satisfies a(li) < 8 > I 2 = A(ls)- 
Proof. -4=: We denote Ji(a <g 6 ) by a o b, A(c) = < 8 > cy 2 y for any a,b,c € H. 

Firstly, we have 

(a o b) o a(c) = a(a(a)a(b))a 2 (c) 

= a(a(a)a(bc)) = a(a) o (60 c). 

Since a(ls) = 1 s, thus (H,a,JZ, Is) is a Hom-algebra. 

Similarly, (H,a, A,e) is a Hom-coalgebra. 

Secondly, from a(li) <g 1 2 = A(ls), we have li < 2 > 0 ( 12 ) = A(ls). Thus we can get 
1[1] ® 1 [2][1] ® 1 [2] [ 2 ] = 1 [ 1 ] <S) iji] 1[2] ® 1 [ 2 ] an d 1[1][1] <g 1 [!][2] ® 1 [2] = 1 [1] ® l[ 2 ]l|i] ® lj 2 ] ■ 
Thirdly, since a(li) (g 1 2 = A(ls), we immediately get 

e(a(a)b) = s(a(a)li)s(l 2 b) 

= e(a(a)a(li))e(l 2 6 ) = e(ali)e(l 2 6 ) 

= s(ab), 
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then we have 


e((a o b) o c) = e(a(o:(a 6 )c)) = £(a 2 (a)a 2 (&i))e(a 2 (& 2 )a( c )) 

= e(a(a)a 2 ( 6 i))e(o;(a( 62 ) 2 c)) 

= e(a ° b[i])£(b [2 ] °c), 

and similarly we can obtain e(aa(b)) = e(ab) through li ( 8 ) <2(12) = A(l#). Thus we have 
e{a o (bo c)) = e(a o fe[2])e(&[i] o c). 

Finally, we check that 


(a o 6)m <8> (a o 6 )j 2 ] = a(a(a) 1 a(6) 1 ) <8> a(a(a) 2 cx(b) 2 ) 

= «[i] ° &[i] ® a[ 2 ] o 6 [2 ], 

which means that H a = (H, a,JL, In, A, e) is a weak Hom-bialgebra. 

=>: Straightforward. ■ 

Remark. Based on the above proposition, it is easy to know that every 2-dimensional 
weak Hom-bialgebras have trivial structures. That means if H -2 is a k-space with a basis /, E, 
and the following structures 
• the multiplication 


H 2 

I 

E 

I 

E 

I 

E 

E 

E 


• the comultiplication 

A(I) = (I-E)®{I-E) + E®E, A(E) = E®E- 

• the counit 

40=2, e(E) = 1. 

Then the automorphism of Et -2 is identity map. This means ([19], Example 2.12) is a 
trivial weak bialgebra. 


3. Weak (a, / 3 )~ Yetter-Drinfeld monoidal Hom-modules 


In this section, we will define the notion of a Yetter-Drinfeld module over a weak monoidal 
Hom-Hopf algebra that is twisted by two weak monoidal Hom-Hopf algebra automorphisms 
as well as the notion of a weak monoidal Hom-entwining structure and how to obtain such 
structure from automorphisms of weak monoidal Hom-Hopf algebras. 

In what follows, let (El, £) be a weak monoidal Hom-Hopf algebra with the bijective an¬ 
tipode S and let Aut wm HH(H) denote the set of all automorphisms of a weak monoidal Hopf 
algebra H. 
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Definition 3.1. Let a.,/3 € Aut wm HH(H). A weak left-right (a, /3)-Yetter-Drinfeld Hom- 
module over ( H , £) is a vector space M such that: 

(1) (M, -,p) is a left fh-Hom-module; 

(2) (M, p, p) is a right fL-Hom-comodule; 

(3) p and • satisfy the following compatibility condition: 

p(h ■ m) = i{h 2 i) • m (0 ) 0 (/3(h 2 2)C _1 (m(i)))a(£' _1 (/ii)), (3. 1) 

for all h £ H and m £ M. We denote by ffW M'Hy'D H (a, /3) the category of weak left-right 
(a,/3)-Yetter-Drinfeld Hom-nrodules, morphisms being IL-linear hh-colinear maps. 

Remark. Note that, a and f3 are bijective, Horn-algebra morphisms, Hom-coalgebra 
morphisms, and commute with S and £. 

Proposition 3.2. One has that Eq.(3.1) is equivalent to the following equations: 

p(m) = m( 0 ) 0 m^) £ M 0 t/3 H = (li <g> /3(1 2 )) • (M 0 H),Wm £ M, (3. 2) 

hi • 777(0) ® P(h 2 )m(i) = p((h 2 • /7 -1 (m))( 0 )) 0 (h 2 • /i" 1 (m))(i)a(/ii). (3. 3) 

Proof. Eq.(3.1)=^ Eq.(3.2, 3.3). We first note that 

777(0) (8) 777(1) = ?(l 2 i)®(/3(l22)^ _2 (m(i)))a(5 _1 (li)) 

= l 2 i • /7 _1 ( 777 )( 0 ) 0 ((/?(l 22 )^ 2 (m (1) ))a(S' _1 (li))) 

= li • (1 2 •/7 -2 (777)(0)) <8)/3(1( 2 ))(^ 2 (777 ( i))q:(S , " 1 (1i))) € M ® tp H. 

Then we do calculation as follows: 

p{{h 2 ■ P _1 M)( 0 )) 0 (h 2 • p _1 (»)(i)«(M 

(3=1) M(?(^ 22 i) • h _1 M(o)) ® ((/3(h222)^“ 2 (r77 (1 )))a(5 _1 (h 2 i)))a(/ii) 

= ? _1 (^il2) • m ( 0 ) 0 ^ _1 (^(/i 2 )?77i)a(5 _1 (li)) 

= hi • (1 2 • /i _1 (t77 0 )) 0 ^ _1 (/3(/i 2 )(/3(l 3 )^ _1 (?77i)))a(£' _1 (li)) 

= hi • ?77( Q ) 0 P{h 2 )mpiy 

For Eq.(3.2, 3.3) Eq.(3.1), we have 

£(h 2 i) -777(0) 0 t/3 (/3(h 22 )^ _1 (777(i)))a(5 _1 (hi)) 

( = 3) h((C(^2 2 ) • h _1 M)( 0 )) 1 ((€(*22) • h _1 M)(i)a(?(^2i)))a(5' _1 (hi)) 

= h(((l 2 ^ _2 (h)) • /7 _1 ( 777 ))(o)) 0 t/J ((l 2 r 2 W) • h _1 M)(i)a(li) 

= h((l 2 • p~ l {p~ l {h • m)))(Q)) ® tp (1 2 • 1 (h _1 (h ■ m))) w a{h) 

( = 3) li • h _1 (^ • ™)(o) <8^ /^(l 2 )?~ 1 (h • 777 )( 1 ) 

( = 2) li • (li • h -1 0 • m) (0) ) 0 /3(1' 2 ) • (/3(l 2 )C _1 (h • 777 )( 1 )) 

= (h • 777 )( 0 ) 0 (h • 777 )( 1 ). 
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This finishes the proof. 


Definition 3.3. A weak left-right monoidal Hom-entwining structure is a triple ( H , C, ip), 
where ( H , £) is a monoidal Horn-algebra and (C, 7 ) is a monoidal Hom-coalgebra with a linear 
map ip : H —> H ® C, h® c 1—/1 8 satisfying the following conditions: 


ip(hg) <8 =</, h^g <8 7(7 1 (c)' p<t> ), 

( 3 . 

4 ) 

pl H 8 = e(cf )v>l// 8 7(^2), 

( 3 . 

5 ) 

/i 8 A(c^) = £(^£ -1 (/i)) 8 (cf 8 4 ), 

( 3 . 

6) 

e{c^)^h = £(7 _1 (c) ,/ ')/i( v ,1h), 

( 3 . 

7 ) 


Over a weak monoidal Hom-entwining structure (H, C, ip), a left-right weak monoidal 
entwined Hom-module M is both a right C-Hom-comodule and a left fL-Hom-module such 
that 

p M {h ■ m ) = </,£ _ 1 (/i) • m( 0) ( 8 ) 70 ( 1 )^ 

for all h £ H and m £ M. We denote the category of all monoidal entwined Horn-modules 
over ( H, C, ip) by j{M c (ip). 

Let (H, £) be a weak monoidal Hom-Hopf algebra with S, and define a linear map 
ip(a,/3) : H ®H -»• H ®H, a 8 c 1 -^ ,/,a 8 c 1 ^ = £ 2 (a 2 1 ) 8 (/ 3 (a 22 )£ _ 2 (c))a(S' _ 1 (ai)), 
for all a, pi £ Aut wm HH(H). 

Proposition 3.4. With notations above, (H, H,ip(a, j3)) is a weak monoidal Hom- 
entwining structure for all a, (3 € Aut wm HH{H). 

Proof. We need to prove that Eqs.(3.4-3.7) hold. First, it is straightforward to check 
Eqs.(3.5) and (3.7). In what follows, we only verify Eqs.(3.4) and (3.6). In fact, for all 
a, b, c € H, we have 

0 £(£ _ 1 (c)^) 

= e(a2i)^b0aWMr 2 (C 1 (cf))aS- 1 (a 1 )) 

= £ 2 (a 2 i& 2 i) <8 (/3(a 2 2b22)C 2 (c))(aS~ 1 (bi)aS~ 1 (ai)) =</, ( ab ) (8 c^, 

and Eq.(3.4) is proven. 

For all a € H, we have 

01 (8 0211 <8 02121 <8 a 2 i22 <8 a 2 2 = £(an) <8 £ 1 («i 2 ) 0 £ "(021) 0 £ 1 (0221) <8 £(0222) (3. 8 ) 
As for Eq.(3.6), we compute: 

£W£ _1 ( a )) 8 (4 (8 4) 

= e(e 2 (ur 1 (a)) 2 i)) ® ((/3(ur 1 (a))2 2 )r 2 (ci))«5- l (ur 1 (a))i) 0 4) 
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= £ 2 (a 2 i) <8> ((/0(a 2 2i)C 2 (ci))a5 1 (a 12 ) ® (/3( 0 , 222 )£ 2 (c 2 ))aS 1 (an)) 

= <S> A(c^). 

and Eq.(3.6) is proven. 

This finishes the proof. ■ 

Remark. By Proposition above, we have a weak monoidal entwined Hom-module 
category hM h (ip(a, /3)) over (H, H,ip(a, (3)) with a, (3 € Aut wm HH(H ). In this case, for all 
M Gh M. H (il)(a, (3)), we have 

p(h ■ m) = i(h 21 ) ■ m(o) ® (/3(^22)C _1 (" 1 (i)))«('S' _1 ( /i i)) ) 

for all h G 77, m G M. Thus means that h-M. h (il>(a, (3)) =h WM'HyD H (a, f3) as categories. 


4. A BRAIDED T-CATEGORY WMUyV(H) 


In this section, we will construct a class of new braided T-categories WAi'Hy'D(H) over 
any weak monoidal Hom-Hopf algebra ( H , £) with bijective antipode. 

Let (Af,/i) € H WMUyV H (a,P) ,(N,v) G MUyV H ( 7 ,5), with a,/3, 7 , <5 € Aut wmHH (H). 

Define M N = (li <8 7 _1 /3(l2)) • (M <8 IV). 

Proposition 4.1. If (Af,/x) € H WMUyV H (a, /3) and (IV, z/) € H WMHyV H ( 7 , 6 ), 
with a, / 3 , 7 ,5 G Aut wm HH(H), then (M < 8 * N,n®v) G 7 /W MT~LyV H ( 07 , dy -1 /Ty) with 
structures as follows: 


h ■ (m®n) = 7 (^ 1 ) • m (g> 7 1 (3'y(h 2 ) ■ n, 

m 8> n >-)• (m( 0 ) <8 71 ( 0 j) 8> 770)771(0. 

for all 77i € M, n € N and h G 77. 


Proof. Let h,g G 77 and m <S> n G M < 8 t 1(3 IV. We can prove (/ig) • (m <8 > n) = 
£(/i) • (5 • (jjL~ 1 (m) 0 i^ _ 1 (n)) straightforwardly, and 


1 • (tti 8 >t 7 _ 1/3 n) 


7(l'i) • (h -m) ®7 1 ^7(l2)’(7 Vte) ■ «) 
(7(li)li) • ® (7 -1 /37( 1 2)7 -1 /3( 1 2)) • v(n) 

li • n(m) ( 8 ) 7 _1 /7(1 2 ) • 
p(m) <g>t 1 - lp v(n). 


This shows that (M 8 >i 7 _ 1/3 N,g®v) is a left 77-module and the right 77-comodule condition 
is straightforward to check. 

Next, we compute the compatibility condition as follows: 


(h • (m <8> 7i))( 0 ) (8 (h ■ (m <8 n))^ 
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= (( 7 (^ 1 ) ' m )(o) 0 (7 1 h(h 2 ) 1 P'y(h 2 ) -n) (1) ( 7 (/ii) ■ m) (1) 

(3=1) (7C(^i2i) • m (0) 0 7 _1 /37?(^22i) ■ "( 0 )) 0 ((<57 _1 /37(h 2 22)£ _1 ("(i))) 

75“ 1 7 _1 /37(^2i))((/37(^i22)^ _1 (m (1) ))aS ,_1 7(^ii)) 

= (7(^12) • m { 0) 0 7 _1 /?7£( /j 22i) • n (0 )) 0 (<57 _1 ^( h 222 ) n ^) 

((^7? _1 (e(^2ili)l2)?" 1 (m ( i ) ))5^ 1 a7(/in)) 

= (7(/ll 2 )e(/l2lll) ' "l( 0) 0 7 _1 /37?(^22i) • "(0)) 0 (^ 1 ^7?(^222)"(1)) 

((/97f _1 (l2)^ -1 (m(i)))5 _1 a!7(/iii)) 

= (7^” 2 (^i2l2)) • m ( 0 ) 0 7 -1 /?7(^2i) • "(o)) 0 (<57 -1 /37(^22)"(i)) 

((/ 57 (l 3 )C — 1 (”»(i) ))^ —1 « 7 € —1 (^n li)) 

= 7O12) • (I2 • 0))) 0 7 _1 ^7(^2i) • "(o) 0 (<^7 _1 ^7( /i 22)n(i)) 

(((^(l3)^ -2 (m(i)))aS ,_1 ( 1 i))a!75 _:l (/iii)) 

= (7^(^21l) • "1(0) 0 7 _1 ^7?(^212) • "(0)) 0 (^7 _1 ^7(^22)?“ 1 ("(l)" i (l))) 

S^a j(hi) 

= £(^ 21 ) • (?" 0 ")( 0 ) 0 Pl{h 22 )^~ l {m 0 n)(i)a7(S -1 (/ii)). 

Thus (M 0 t N, 11 0 1 /) G H ^MnyV H {a^ 7 Sy" 1 /^). U 

Remark. Note that, if (M, / 1 ) G H WMUyV H (a, /3), (IV, 1 /) € H WMUyV H { 7 , 5) 
and (P, <j) G #yWWPT’P , ' ff (s, t), then the associativity constraint clm,n,p is 

aM,TV,p:(M0 Vl/ 3 iV)0 Vl57 _ 1 , 7 P -»• M 0t s _ l7 _ 1/3 (N 0t s _ 1(5 P) 

(m 0 n) 0 p i->- //(m) 0 (n 0 G 1 (p)) 

where (.M 0 t t N) 0 t s -i 47 -i j37 P £ hW MUyV 11 (ot'y s, ts^Sy^Pys). 

Denote G = Aut wm HH(H ) x Aut wm HH(H ) a group with multiplication as follows: for all 
a,/3,7,5 G Aut wmH H(H), 

K/3) * ( 7 , 6 ) = (cry,57 - 1 /37). (4.1) 

The unit of this group is (id, id) and (a,/3 ) _1 = (a , a'/3~ 1 aT‘ 1 ). 

The above proposition means that if M G hWM 1iyV H (a, /3) and IV G hVWW'HTP , '^( 7 ,5), 
then M 0 TV G H WMUyV H ((a, p) * ( 7 , 5)). 

Proposition 4.2. The associativity constraints of monoidal category are 

described as above. The left and right unit constraints In '■ H t ®t 1 ~ 1 -/V —>• IV and r« : 

M (& t p H t -> M with (IV, z/) G H WMUyV H (7,5) and (M,/i) G H ^MHyV H (a, P) and 
their inverses are given by the formulas 

Zjvfa 0 t 7 _i n) = 7 ~ l (x) ■ n, l^(n) = e t (li) 0 *^ ■ p _2 ("); 

r M (m® tf} x) = £ s (!3~ l (x )) • m, r~^(m) = /3 - 1 (li) • /u~ 2 (m) 0 t|8 1 2 . 

for all x G Pj, n G IV and m G M. 
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Proof. Observe that H t € nW-MUyT) 11 (id, id), with left H -action h ■ x = £t(hx) and 
right //-coaction p(x) = I 2 <8> 5 _1 (xli), for all h € H, here p is the comodule structure map. 

It is easy to get that H t is a left //-module and a right //-comodule under”-” and " p”. We 
just check H t 6 M'Hy'D H (id, id). 

On the one hand, 

p(h ■ x) = p(e t (hx)) 

= i 2 ® 5 , - l (i 1 )5- l ((r 2 (^i)*)5(r 1 (^2))) 

= i 2 ® s , - i (i 1 )(r 1 (/»2)5- 1 (r 2 (^i)®))- 

On the other hand, 

p(h-x) = £ ( h 2i ) ■ 1 2 ® (h 22 £ _1 (S ,_1 (xli)))S ,_1 (7ii) 

= ^(£(^ 21 ) 1 . 2 ) <8> (h 22 (S'^ 1 (j;li)))5 _1 (hi) 

= 1 2 ®e(li/i 2 i)^(/i 22 )5 _1 (£ _1 (hi)x) 

= 1 2 <8) (o(li)£ _1 (h 2 ))5 _1 (£ _1 (hi)x) 

= I2 ® S-'ihXCHWS-'iC^hJx)). 

We just check the properties of In, the xm cases left to reader. First we need to check In 
is both //-linear and //-colinear. Let n G N. We have 


In(^ ■ (x ® n)) 


lM(tt(ot(hi)x) ®h 2 -n) 
a~ 1 (s t (h 1 x)) ■ (h 2 ■ n ) 

(£ - 1 W« -1 (*)) ■/*(") 

h ■ (a _1 (x) • n) 
h ■ Im(x <8> n). 


So In is //-linear, similar to the colinear case. 
Next we check that 


In^n 1 ^)) = Zjv(et(li )®7 1 (I2) ■ ^ 2 (n)) 
= 7 _ 1 (e 4 (li)l 2 ) • i/ _ 1 (n) 

= 1 • i/ _1 (n) = n. 


1 ^(In(x <8>n)) 


Z^(7 _1 -n) 

£t( li) ® 7 _1 (!2) • J /_2 (7 _1 ( a: ) • n ) 
e f (lix) <8>7 _1 (1 2 ) • z^ _1 ( n ) 

(I'lli) •x<8)7 _1 (1 , 2 1 2 ) -n 
x <g> n. 


Finally we need to prove the following diagram commute. 
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(M ® t H t ) ® t 


IV-^ M ® t 


(H t ®t i N ) 


TM®id, 

M ® t 

7 ^ 



IV 


(tm < 8 > id)((m ®x)®n) 


This ends the proof. 


li • (/3 _ 1 (e;(x)) • m) < 8 > 7 _ 1 / 3 ( 1 2 ) • n 
(li/3 _ 1 (e;(x)) • n(m) < 8 > 7 _ 1 /3(1 2 ) • n 
^(^ _ 1 (x))i • n(m) <8> 'y- 1 P(£ t (£ s (l3~ l {x)) 2 )) ■ n 
li • /x(m) < 8 > 7 — 1 /5(l 2 /5 — 1 (a:)) • n 
li • n{m) < 8 > 7 — 1 /5(1 2 ) • (7 - 1 (t) ' ^ _1 ( n )) 

(id <g> Iat) ° aM,H t ,N((m ® x) ® n). 


Proposition 4.3. Let (N,i>) € ( 7 , 5) and (o:,/3) € G. Define ( a> ^IV = N 

as vector space, with structures: for all n € IV and /i £ H. 


h \> n = 7 1 /? 7 Q: 1 (h)-n, 


Then 


n >-)• n< 0 > < 8 > n<i> = ri( 0 ) < 8 > a/3 1 (n( 1 )). 


(4. 2) 


(a ’^IV <e H WMUyV H ((a,p) * ( 7 , 5 ) * (a,^)” 1 ). 


Proof. Obviously, the equations above define a module and a comodule action. In what 
follows, we show the compatibility condition: 


(h > n)< 0 > ®(/u> n)<i> 

= (7 _1 ^7« _1 (^) • ra)(o) ® a/3 _1 ((7 _1 /37a _1 ( /l ) ■ O(i)) 

= 7 _1 /37a _1 ^(/i 2 i) ■ ri(o) ® (at3~ l 5^ l ^a~ l (h 2 2)al3~ 1 C 1 (n{i)))a'ya~ l S~ l (h l )) 

= i(h 2 1 ) t> n< 0 > <8> (a/3 _1 57 _1 /37a _1 (L 2 2)C 1 (^<i>))a7« _1 ‘S' _1 ( /j i)) 

for all n G IV and h £ H, that is ( a >^)lV € HWM'Hyvn (aya -1 , a/ 3 _ 1 57 _ 1 ^ 7 a _1 ) ■ 


Remark. Let (Af,/i) € H WMUyV H (aJ 3), (IV, i/) € j?W MUyV H (7 ,5), and (s,t) € 
G. Then by the above proposition, we have: 

(«,£)*(■M)jy _ (a,P) r(s,t)]y\ 

as objects in M%yV H (as'ys l a -1 ^ af5^ 1 st^ 1 5'y^ 1 ts~ 1 fds'ys^ 1 a -1 ) and 

( ^ } (M ( 8 ) IV) = (s ’ 4) Af O (s>t) IV, 
as objects in HWMl-iyV H (sa^s^ 1 , st~ 1 5'y~ 1 (3a~ 1 ta'ys~ 1 ). 
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Proposition 4.4. Let (M, /z) G H WMUyV H (a,p) and (JV, i/) G pW MUyV H (7, (5), 
take M 1V = (a ’^) IV as explained in Subsection 1.2. Define a map cm,n ■ M <S> N — » M 1V <g> M 
by 

CM,N{m®n) = p(n (0) ) (g>/^(n^)) • (4. 3) 

for all m G M,n G IV. Then cm,at is both an IL-module map and an iL-comodule map, and 
satisfies the following formulae (for (P, q) G HWMl-LyV H (s,t)): 

a M®Np m JV ° C M<S>N,P 0 a M,N,P = ( C M , JV P ® ^n) 0 jv p jy 0 (*<^Af ® CN,p) > (4. 4) 

dM N Mp )M o cm,n®p 0 &m,n,p = (idM N ® cm,p ) 0 «*fjv,M,p 0 (cm,N ® idp). (4. 5) 

Furthermore, if (M,/r) G (a,/3) and (IV, p) G pW 'MKyD H (7, <5), then 

C( s ,t) M ,G,t)AT = C M,AG for all (s,f) G G. 

Proof. First, we prove that cm,at is an fL-module map. Take /i • (m ® n) = 7(^1) • m (g> 
7 _1 /37(/i2) -n and h- ( n®m) = 7 _1 /?7(/ii) -n®/3~ 1 5'y~ 1 /3'y(h2) -m as explained in Proposition 
4.1. 


CM,N(h ■ (m <g> n)) 

= J / ((7 _1 /37(^2) • n)( 0 )) <8> /3 _1 ((7 _1 ^7 (/i 2 ) ■ n)(i)) ■ /i _1 (7(M • m) 

= i / (7 _1 /37^(^22i) • P(o)) <8> ^ _1 ( 5 7 _1 ^7?(^222)n(i)) 

•((75 _1 C _1 (h2i)7^ _2 (/ii)) • p~ l {m)) 

= ■ n ( 0 )) <g> /3 _1 (57 _1 /37(^ _2 (/i2)l 3 )n ( i ) ) 

•(7‘S' _1 (li) 

= vil -1 Pli~ l {hi) • (7 _1 /37(1 2 ) • Ai“V(o)))) ® (/5 _1 <57 _1 ^7^ _1 (^ 2 ) 
(/3 _1 d7 _1 /37(l3)/3 _1 C _1 (n(i))) • (7<S ,_1 (li) 

= i / (7' i /37^" 1 (^i) • (I 2 • v~ 2 {n( 0 )))) ® (^ _1 ^7 _1 /37^ _1 (^ 2 ) 
/3" 1 ((5(l 3 )^ 2 (n(i)))75 _i (li)) • m 
= l~ l h{h\) ■ K n ( 0 )) ® (/3 _1 57 _1 /37^ _1 ( /l 2)/3 _1 (n(i))) ■ m 
= h ■ CM®N{m<g>n). 

Secondly, we check that cm,n is an Ff-comodule map as follows: 

Pn®m 0 CM,N(m <S> n ) 

= (M"(o)))<o> ® (£ _ V( 1 )) • M _1 M)(o)) ® (/3 _1 ( n (i)) • lt _1 M)(i) 

M™(0)))<1> 

= (™(o) ® /3 _1 ^(ri ( i)2i) • /U _1 (m ( o))) <8> (£(ra(i) 2 2 )£ _1 (™(i))) 
(a/3 _1 5 _1 ^(n ( i)i2)a/3 _1 ^(n(i)ii)) 

= e ( n (i)nlil 2 )(P(o) ® 1 (^(1)12i-2) • ^ _1 (™(o))) 

®(«(i)2? _1 (^(i)))a/5 _1 5' _1 ( 1 i) 

= (n(o) ® ^ _1 ?~ 1 (ra(i)il 2 ) • M -1 (m (0 ))) 
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= (n (0 )®/3 X (n( 1 (m (0) )®^(n (1)2 )m (1) 

= K™(o)(o)) ® /9 _1 (n ( o)(i)) ' M"V(o))) ® n (i) m (i) 

= (cm, at ® id)((m( 0 ) ® 77 ,( 0 )) ® ^(i)^(i)) = (cm, at O id)p(m O n). 

Finally we will check Eqs.(4.4) and (4.5). On the one hand, 

a M®Np^M,N ° C M®N,P ° a M,N,p(. m ® (^ ® P)) 

= a M®Jv PiM)7V ° CM®Ar,p((/7 _1 (m) On)® ?(p)) 

= aM 0 jvp,M, 7 v( ? 2 ^(o)) ® 7 _ V“V _ 1 £(.P(i)) ' (/^ _2 M ® ^“V))) 

= ( C M , JV p ® ^v)((/7 _1 (n7) ® ?(p (0 ))) ® <5 _1 C(P(i)) ■ n) 

= ( c m, n p ® o a~^ NpN o ( id M ® c NtP )(m O (n ® p)). 

On the other hand, 

sm p o cm,n®p ° a,M,N,p{{'m ®n)®p) 

= a,M n m pm o CM,N®p(p(rn) ® (ng^fp))) 

= 1/2 ( n (o)) ® ^ _1 (p)(o)) ® (/3 _1 (<T 1 (p)(i)) • (^ _1 r 1 (n(i)) • f -1 M)) 

= (z^mjv ®CM,p)((^ 2 (n (0 )) O^ 1 ^)) -/t'^m))®])) 

= (zdMTv ® cm,p) ° a,M NjMt p o (cm,at ® id P )((m O n) Op)). 

The proof is completed. ■ 

Lemma 4 . 5 . The map cm,n defined by cm,at(tt 7 On) = n(n( 0 )) O /3 -1 (n(i)) • p~ l {m) is 
bijective; with inverse 

c M,Ar( n ® m ) = P~ l ( s ( n (i))) ■ O n(n (0) ). 

Proof. First, we prove cm,nc~m n = For ^ n G N, we have 

c M,NC~^ N (n O m) 

= c m ,n{P~ 1 S(n^) ■ p~ 1 (m) O K n (o))) 

= KK ? ho))(o)) ® /5 _1 (^(r7,( 0 ))(i)) • /i -1 (0 -1 S(n (1) ) ■ P^M) 

= ^ 2 (™(o)(o)) ® /3 _1 (Ko)(i))5’C“ 1 (n(i))) • m _1 M 
= a^ 1 j0 _1 7(5 _1 j0a _1 (li) > n(n< 0 >) O a^ 1 (l 2 et(n<i>)) • 777 
= li O n(n) O ,0 _1 (5 _1 7“ 1 /37a _1 (l2) • ?n 
= n O 777. 

The fact that cJ^ n cm,n = is similar. This completes the proof. ■ 

Let H be a weak monoidal Hom-Hopf algebra and G = Aut wm HH{H) x Aut wm HH{H). 
Define WAi'Hy'D(H) as the disjoint union of all (a, /?) with (a,/3) € G. If 

we endow WAi7iyT>(H) with tensor product shown in Proposition 4.1, then WM'H.y'D(H) 
becomes a monoidal category with unit Ht. 
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Define a group homomorphism ip : G —> Aut(WA4'Hy'D(H)), (a,/3) i->- g>(a, @) on 
components as follows: 

: H WMUyV H ( 7, 5 ) H WMUyV H ((a, P) * (7, 5 ) * (a, / 3 )” 1 ), 

<pfrM N ) = {a,f3)N > 

and the functor tp( a ,p) acts as identity on morphisms. 

The braiding in WM.'H.y'D(H) is given by the family {cm,n} in Proposition 4.4. So we 
get the following main theorem of this article. 

Theorem 4.6. WA4 PL.yV(H) is a braided T-category over G. 
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